It is the object of this note to give a simple proof of the following lemma upon which may be based the theory of the Riemann integral.
Let the interval I : a ^ x ^b be divided into n equal sub* intervals, I(i, ri), each of length A n x = (b -a)/n. To each I(i, n) there corresponds a number h{i, n). Let \h(i, n)\ ^ M for all values of i (^ n) and n, where M is a constant. If x is any fixed value in I, then for each value of n, x is contained in at least one of the sub-intervals. Let it be designated by I(x, n). For each fixed x and each subdivision I(x, n) let the corresponding number be h(x, ri), and let Urn h(x
In a recent paper f the above lemma was stated in terms of area as a geometric theorem and used to develop the theorems on definite integrals of fundamental importance in the integral calculus. In addition, applications were given to the transformation of a double integral by change of variables and to the Fredholm method of solution of an integral equation.
A proof based on a generalization of a theorem due to W. H. Young f has been given by R. L. Moore. § For the proof of the above lemma, however, it is sufficient to use Arzelà's || "lemma fondamentale" which may be stated in terms of the 
This theorem is applied as follows. On I(i, ri) as base erect an isosceles triangle whose altitude is 2h (i, ri) . The equal legs of these triangles form the graph of s n (x) . Identify
1 Ja
Finally note that lim w^o o s n (x) = 0 for every fixed value of x, and the lemma is proved. Other proofs of Osgood's theorem have been given by F. Riesz,f Bieberbach,J and Landau. § The method given by Landau is substantially that given by Moore (loc. cit.) and makes use of Arzelà's "lemma fondamentale" (loc. cit.). The proof by Bieberbach is essentially the same as that of Landau, with the exception that a simplified proof of Arzelà's theorem is included. The method of Riesz is more elementary and has suggested the proof given in this note.
It is to be noticed mutatis mutandis that Osgood's theorem may be regarded as a corollary of the lemma of this note. It would seem to be more natural to establish the lemma stated above by elementary methods and derive from it the properties of the Riemann integral, of which the theorem of Osgood would be one.
We proceed to the proof. Let
If lim^^^ f(n) = 0 is proved, the lemma is established. 
